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Thermodynamics Machines

There are 3 main types of thermodynamics machines:

»Heat Engine : A device that absorbs heat from a high-temperature reservoir, converts
part of this energy into useful mechanical work, and rejects the remaining heat to a

lower-temperature reservoir. (Heat engines do not “burn fuel” in general, they convert
heat into work.)

»Refrigerator: A device that removes heat from a low-temperature region and transfers
it to a higher-temperature region. This process requires external work to operate.

»Heat Pump: Operates on the same physical principle as a refrigerator, but the desired
output 1s the heat delivered to the high-temperature region. Commonly used for heating
buildings by extracting heat from colder surroundings (air, ground, or water).



Cyclic Operation and Energy Balance

Since the system returns to its initial state, reversal process, after one

cycle:
AUcycle = 0
From the First Law of Thermodynamics:
Onet = Whet

The net heat absorbed by the machine during a cycle equals the net work
done by the machine.



Irreversible Process

1
T |
|

A process that cannot be undone without leaving a permanent

change in the system or surroundings. Such processes either
involve non-quasistatic changes, dissipative effects ” ’
, oo ||
Example of Irreversible Process:. w 50 T :‘m'f
Heat iy
Action Spontaneous Result Impossible Reverse ’ En
cal
Coffee in a Coftfee absorbs room heat to
Coftee cools down. b
Room get hotter. [=0
Paddle Rotation generates heat ~ Adding heat makes the wheel ‘ |
Wheel (friction). spin.

Current generates heat Heating a wire generates a

Electric Wire (SI"2RS). current.

These examples reflect 2" law of thermodynamics: Every real-world
process increases the disorder of the universe, AS = 0.



Thermodynamics Machines

* Kelvin-Planck Statement (Heat Engine Statement)

The Kelvin-Planck statement of Second Law of
Thermodynamics states: It 1s impossible for any process to have
as 1ts sole effect the absorption of heat from a single thermal
reservoir and the complete conversion of that heat into work.

No perfect heat engine (100% efficiency is impossible)

= Clausius Statement

The Clausius statement of the second law of thermodynamics
states: It 1s impossible for any process to have as its sole effect
the transfer of heat from a colder body to a hotter body.

No perfect Refrigerators or heat pump (external work 1s always
required)



Heat Engines

For a reversible process:
dQ =T dS (we will look later)

High-lemperature reservioir

The amount of entropy: at Ty,

| | 0 v
It is IMPOSSIBLE to convert all heat into work. To return the | % '
system to its initial state and complete a thermodynamic cycle, \ ] /

a portion of the absorbed heat must be rejected to a lower- -
temperature reservoir. Cr

The entropy that enters the system with the heat Qg must leave
the system with the heat Q;; otherwise, entropy would
accumulate within the system, preventing cyclic operation

Low-lemperature reservioir
at Ty



Heat Engines

Net flow of heat into the system:
AQ = |Qu| — Q.

Since for one cycle, AU =0 and AU = AQ — AW),,
(W] =[Qu| — 10,

The system return to its original state at the completion of
one cycle, when

10l 10,
Sy=S8, 0= =1
H L TH TL
Qul _10ul =W 1Qu|(Ty—Ty) _ W]
Tr T, T, Ty T,
Wl (Ty —T)

|Qx Ty

High-temperature reservoir

E.H

@ Woet o

Oy

Low-lemperature reservoir

at Ty



Heat Engines

The efficiency 1 1s given by

High-lemperature reservioir
B W B TL at Ty
Ne = QH _ TH Oy

Where 1. 1s efficiency of a reversible engine, which 1s

Wt oo
caller Carnot efficiency. @@

Oy

Since the engine considered operates reversibly
between two temperatures, 1t is the maximum
efficiency possible for any engine operating between Low-temperature reservoir
these same two temperatures. aty



Heat Engines (Irreversible steps)

If an engine contains irreversible steps, part of the work
produced from the heat input 1s lost as dissipative work (due to T
friction, viscosity, electrical resistance, etc.). Dissipative work 1s
ultimately converted into heat and is therefore associated with
entropy generation.

The entropy produced by irreversible processes must be expelled
from the system during each cycle; otherwise, the engine cannot
return to 1ts initial state.




Heat Engines (Irreversible steps)

For a heat engine operating between a hot reservoir at temperature Tyand a
cold reservoir at temperature T; . For irreversible process:

[n T

S 2855 =>0Q,2—T,
Ty

Ty,
W =[Qy| —1Q.] < Qy (1 _T_) = QuMc
H
W <
o =1
Qu = "
Where 1. 1s the Carnot efficiency, which represents the maximum
possible efficiency of any heat engine operating between the same two T
reServoirs

A reversible engine achieves this limit, which is called Carnot
inequality.
10



Example 3.1

A Carnot engine extracts 240 J from its high-temperature reservoir during

each cycle and rejects 100 J to the environment at 15° C. What’s the
temperature of the hot reservoir?

11



Refrigerator

A Carnot engine that is operated in reverse: do work W
on the system, remove Q. from the low temperature
reservoir, and an amount of heat Qy 1s exhausted into
the high temperature reservoir

Warm environment
al TH = TI.

EORN e
e

Cold refngerated
space at T

12



Refrigerator

of course,
Q. Qu
Sin = Sout = T, = T,
Iy
Qu = LT

For the Carnot refrigerator we have Q; + W= - Qq

Here we are taking the work done on the system as
positive, heat flowing into the system as positive, and
heat flowing out of the system as negative.

1@yl = W]+ 1Q,]

Warm environment
at T“' = T‘l_

13



Refrigerator

QLT—H=W+QL=> T W 4
Iy, r, @
W Ty—T,

Q@ T

Or, finally, the coefficient of performance of the Carnot refrigerator,
Cg, 1S:

dr . _ 1
W Ty—T, Tu

Notice! value of cp can be greater than unity which means the
amount of heat removed from the refrigerated space can be greater

than the amount of work input. It 1s in contrast to the thermal
efficiency, which is always less than 1.

Warm environment
il T“' ] TL

14



Example 3.2

A Carnot engine operates between 400 K and 300 K.

a.

If this engine receives 1200 J from the high temperature reservoir in each cycle, how
much energy does 1t exhaust to the low temperature reservoir as heat in each cycle?

. Take this same engine but operate it now as a refrigerator. Each cycle of the operation of

the refrigerator 1t extracts 1200 J from the 300 K reservoir. How much energy does it
exhaust as heat to the high temperature reservoir? Where did the difference between heat
input and heat output came from?

What 1s the work done by the engine and what the work done on the refrigerator?

15



Heat Pump

Another device that transfer heat from lower temperature of
medium to high-temperature is heat pump. The coefficient of
performance of a heat pump in a cycle 1s

_Qu_ 0w 1
TTWom-0 [
Qu
We find that
Q. + W]
CHP: W :>CHR=CR+1

We can see that coefficient of performance of a heat pump 1is
always greater than unity.

PN

Warm
indoors
at 20°C

Qu=7k

Wen=2k

\
g
/

)l_:SU

COP=35 HP

Cold outdoors
a 4°C

16



Heat Pump

»In practice, some of the delivered heat Qg is lost to the

1 111 HONEY
outdoor environment through piping, ductwork, and other | fo% - e
system components. e 29 | T HousE!

» When the outdoor air temperature becomes very low, the
heating coefficient of performance (COPy) can drop
below unity. Under these conditions, the system typically
activates electric resistance heating to maintain indoor
comfort.

»Heat pumps are therefore often evaluated using a
seasonal average COP, rather than instantaneous
performance.

»Most existing residential systems use outside air as the
heat source during winter; these systems are known as
alr-source heat pumps.



Heat Pump

Another device that transfer heat from lower temperature of
medium to high-temperature 1s heat pump. The coefficient of
performance of a heat pump 1n a cycle 1s

Qw1
TTWom-0 %
Qu
We find that
Q. + W]
CHP: W :>CHp:CR+1

We can see that coefficient of performance of a heat pump 1is
always greater than unity.

PN

Warm
indoors
at 20°C

Qu=7k

Wen=2k

\
g
/

)l_:SU

COP=35 HP

Cold outdoors
a 4°C
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Carnot Cycle for Heat Engine: PV Path

A Carnot engine i1s a series of reversible
processes that run in a cycle, operating
between two (heat reservoirs at) temperatures
Ty > T.. It can operate as a heat engine or a
refrigerator.

It consist of two 1sotherms and two adiabatic
processes.

Pressure, p

O Adiabatic—T

COMpression

T

|

==
7

= ©)
?

g B Adiabatic expansion

=]

!
|
!
|
|
Ej [sothermal

2 =) ’
| . |
| compression I

A Yo Vs Ve

Volume, V
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Carnot Cycle for Heat Engine: PV Path

An 1sothermal expansion at temperature T}, from
an initial volume V, to a volume V. An amount
of heat Qy flows into the system during this
isothermal step (system absorb an amount of heat
Qy from surroundings).

An adiabatic expansion (Q=0) from of the gas
from volume Vg to volume V.. During this
adiabatic expansion the temperature of the gas
decreases from T, to T; and pressure (in an
adiabatic expansion the expanding gas does
work on the surroundings at the expense of its
internal energy, hence the internal energy of the
gas decreases, and so does the temperature.)

Pressure, p

& Adiabatic—T

COMPression

L)

=] |=]

2|2

@ Isothermal EXpansion

/

=)

B ) Adiabatic expansion

[=]|=]

—
T

b,
: E‘I:iulhrrmul 7
' | compression :

1

A

|
L Yy V.

Volume, V
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Carnot Cycle for Heat Engine: PV Path

3. An 1sothermal compression of the gas, from V.
to Vp mm which heat Q; 1s exhausted at
temperature T,. (Work 1s done on the gas,
compressing it and the step is isothermal, hence
energy has to be released to the surrounding to
keep the temperature constant).

4. Finally, an adiabatic compression of the gas, in
which the temperature increases from T, back to
Ty and the volume goes from Vj back to V,,
completing the cycle.

Pressure, p

& Adiabatic—T

COMPression

2|2

=] |=]

@ Isothermal EXpansion

=

B &) Adiasbatic expansion

[=]|=]

b,
E=‘-."’”~@ i €} lsothermal

] |
I : | compression I

—
T

YA oo Y Ve

Volume, V
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Carnot Cycle for Heat Engine

. Work done by the gas (positive), PdV, is

the area underneath curves A = B and B =
C.

The work done on the gas (is the area
under the curves C = D and D = A.

. Area enclosed by the curves defining the
Carnot engine cycle.

P A

Pressure

A
Isothermal

Adiabat

Adiabat

[sothermal 7,

Volume

<Y
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Carnot Cycle Heat pump and Refrigerator

»The Carnot heat-engine cycle is a totally
reversible cycle. Therefore, all the processes
that comprise it can be reversed, in which case
it becomes the Carnot refrigeration cycles.

» The net work done is given by area inside the
loop. P

23



Carnot Cycle for Heat Engine

1. Letus look at the step A = B, the 1sothermal
expansion at Ty;. Since 1sothermal, internal energy of
gas doesn’t change:

AUpsp =0
From, 1% law of thermodynamics states
dQ = dU + dWp,:

Qn = Wy=p
where AU = 0

Work done by a classical ideal gas in an isothermal
expansion: dW = PdV

VB

%
Wyep = | dW = NkgTyLog (7’3)
Va A

Pressure

Adiabat

[sothermal 7,

Volume

<<V
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Carnot Cycle for Heat Engine

Step B = C we note that, since 1t 1s an adiabatic step,

AQ = 0

since, dQ = dU + dW,,,
—AUp¢c = Wh¢

But

We find that,

AUpc =5

WB—> C

f
2

f

2

Nk (T —T)

Nk (T -T)

PA

Pressure

A

Adiabat

Isothermal

Adiabat

[sothermal 7,

Volume

<Y
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Carnot Cycle for Heat Engine

1. Isothermal compression, from C to D, we can obtain,
like what we did for A to B:

Yo Nk,T
Wesp ZJ ; LdV
Ve

Vp
WC—>D —_ NkBTLLOg V_C —_ QL

PA

Pressure

A

Adiabat

Isothermal

Adiabat

[sothermal 7,

Volume

<Y
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Carnot Cycle for Heat Engine

Last step, adiabatic compression (D— A). Just like B to C,

but only with a compression instead of an expansion. &

Since, adiabatic process, Q =0, and dQ = dU + dW

A

Adiabat

Isothermal

QH

Adiabat

[sothermal 7|

—AUp,y = Wpsg %
Where =
f
AUp_, 4 _ENkB(TH_TL)
_ f
Wpoa = _ENkB(TH_TL)

Volume

<Y
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Carnot Cycle for Heat Engine

P A

We can now compute the net work done by the gas:

Whet = Wyp + Wpe + Wep + Wpy

Vg
Whet = NkpTyLog (V ) + Nkg(Ty -T.)

A
+NkyT,Log (2 ) Nkg(Ty -T))

Vg VD
Wyet = NkgTyLog + NkgT;Log
Vi Ve

Pressure

A

Adiabat

Isothermal

QH

Adiabat

[sothermal 7,

Volume

28
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Carnot Cycle for Heat Engine

P A

To move a bit further, let’s recall the expressions for an
adiabatic expansion or compression. In particular:

TVY~1 = const
Where 1deal gas y = 3/2.

Pressure

In this case, for the adiabatic expansion:

A

Adiabat

Isothermal

Adiabat

[sothermal 7,

Tg(Ve)Y 1 =T (V)Y 1 = THVBy_l = TLch_l

And for the adiabatic compression we have:
Tp(Vp)V™H =Ty(V)V ' = TLVDY_1 = THI{4V_1

Volume

29
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Carnot Cycle for Heat Engine

P A

Divide one equation by the other, we get:
Vg V¢

We end up

Pressure

A

Adiabat

Isothermal

Adiabat

[sothermal 7,

Volume

30

o~ |



Carnot Cycle for Heat Engine

Let us compute directly from the definition the efficiency of
this Carnot engine:

V
w  NkgLog (V_fl) [Ty — Ty ]
H NkgLog (V—j) Ty
Ty —=T1, 1 I,
n= P Nc

Note: if T}, = 0 give efficiency of Carnot engine, n = 1 where
absolute zero temperature 1s impossible.

Just as we had expected, for this reversible engine we obtain
the Carnot expression for the maximum efficiency possible for
an engine operating between T and T;.

Pressure

A

Adiabat

Isothermal

Adiabat

[sothermal 7,

Volume

31
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Carnot Cycle with T-S Diagram

Sometimes the Carnot cycle 1s plotted using temperature (T) and entropy (S) axes.
This representation 1s especially useful because it gives an immediate physical
interpretation of heat transfer. Recall,

dQ = TdS
So, along an isotherm (T = constant):

\Y)

S2
Q=JdQ=j TdS =T dS=T(S, — S;)

And, along an adiabatic,
dQ = 0= TdS = 0

Entropy, S is constant because T # 0

32



Carnot Cycle with T-S Diagram

Isothermal expansion (A — B at Ty): Heat absorbed from the hot reservoir
Qu = Tu (Sp — Sa)
Adiabatic expansion (B — C):
Q=0 -85 =~Constant = S, = Sp
Isothermal Compression (C— D at T;): Heat rejected to the cold reservoir
QL = T, (Sp - S¢) (where Q;, < 0)
Adiabatic Compression (D— A):
Q =0 - S5 =Constant = S, = Sp
Qnet = |Qul — [0Q¢l

33



Carnot Cycle with T-S Diagram

4 A
Q
> ®
7] = v
17} © A
o @
a 3
(]
-
To=Ty 7775 1
>
Volume Entropy

Net Heat Transfer (Area Enclosed in T-S Plane)

Qnet = Qy + 0y
Qnet = |QH| — |QL| (uSing magnitude)

Since for a complete cycle AU = 0

Whet = Qnet

34



Entropy

The German physicist Rudolf Julius Emanuel Clausius (1822—1888)
introduced the concept of a new thermodynamic property in 1865. He
named this property entropy, derived from the Greek word (meaning T {

: : , AS =S8, =5, =04 kI/K
"transformation"), and symbol S. unit of S is kJ/K.

Irreversible
process

For an internally reversible process.

00
dS — (?) |
int rev

0.3 0.7 S KK

Reversible
process

|
|
|
|
|
|
|
|
|
I
|
|
1

For isothermal process

2/(5
AS = j (T—Q> - AS =Tg
1 0/ int rev 0

Note: Entropy is a property of the system. (AS) depends only on the initial
and final states, regardless of whether the path taken 1s reversible or
irreversible. =




Clausius Inequality and Entropy Generation

Clausius Inequality. For any cyclic process

f2.

* Equality holds for a reversible cycle

* Inequality holds for an irreversible cycle

Clausius inequality leads directly to the definition of entropy and shows that:
00
AS = | —
> [

So, entropy increases whenever irreversibilities occur.

36



Entropy Generation

Consider a process (figure) from state 1 to state 2, and return from 2 to 1
along an internally reversible path

f5_Q< 0 > f 5Q j (5_Q> <0 Process 1-2 B
— bl -
r 1 T 2 4 int rev E{f;:;xlhi?rh"’

2 5Q 25Q
—+ 5 -5<0=5,-5, = —
fl T 1 2 2 1 fl T

I I‘_'L'n:u:E.is 2a1

The entropy increases always for a closed system during with Eéﬁt:mmﬁgj

irreversible process which 1s called entropy generation, S;.,.

2 5Q
— + Sgen

ASsys = S — 51 = f 7
1

37



Increasing Entropy

Sgen 18 always positive or zero. It is not a property of the system. Now we can say that for an
1solated system

ASisolated > 0

(> 0 Irreversible Process
Sgen§ = 0 Reversible Process
_ < 0Impossible Process

38



Entropy and 2" Law of Thermodynamics

* The Second Law of Thermodynamics introduces a new thermodynamic property
called entropy (S).

* Entropy can seem abstract because 1ts physical meaning 1s best understood from a
microscopic (molecular) viewpoint.

* At the molecular level, particles and energy naturally rearrange toward states with
the largest number of possible microscopic arrangements (maximum multiplicity),
which corresponds to the most probable state.

* Entropy is not conserved; it can be generated during real (irreversible) processes.

ASuniverse >0

For an 1solated system, entropy tends to increase until thermodynamic equilibrium i1s
reached.

39



Real Heat Engines

»So far, we have treated heat engines and refrigerators in an idealized way.

»We found that the theoretical limits of performance (such as the maximum

efficiency of a heat engine) depend only on the operating temperatures of the hot
and cold reservoirs.

»How are real engines and refrigerators actually designed and built?

40



Gasoline Engine (Spark-Ignition Engine) and the Otto Cycle

» A familiar gasoline engine is found in most automobiles and operates using the Otto
cycle model.

» The working substance is a gas mixture, initially air mixed with vaporized gasoline.

» A spark plug ignites the air—fuel mixture, causing rapid combustion that greatly
increases the temperature and pressure (approximately at constant volume).

» The high-pressure gas then pushes the piston outward, undergoing an expansion stroke
that produces mechanical work (often approximated as adiabatic expansion).

» Finally, the hot exhaust gases are expelled and replaced by a fresh air—fuel mixture at
lower temperature and pressure.



Gasoline Engine (Spark-Ignition Engine) and the Otto Cycle

This 1dealized cycle 1s called the Otto cycle, named after the German inventor Nikolaus August
Otto, who built a successful four-stroke engine in 1876.

The cycle concept was earlier proposed by the French engineer Alphonse Beau de Rochas in 1862.

The 1deal Otto cycle 1s treated as internally reversible.

A real gasoline engine 1s 1rreversible due to friction, turbulence, finite-rate combustion, and heat
losses..



Internal Combustion Engines

Four-stroke cycle
intake valve  SPark piug valves closed
open exhaust valve
air-fuel __,. 18 closed
mixture 3
f .
combustiop'__ E
chamber .
piston l
connecting
. \
crankshaft - O
intake eommn
Air-fuel mixture Air-fuel mixture
is drawn in. is compressed.

intake exhaust
valve closed valve open

valves closed

© 2007 Encyclopadia Britannica, Inc.

power exhaust

Explosion forces Piston pushes out
piston down. burned gases,

43



Otto Cycle (Gasoline Engine Model)

The figure shows the ideal Otto cycle, which 1s a simplified
thermodynamic model of a spark-ignition (gasoline)
engine.

Process Descriptions:

* 1 — 2: Reversible adiabatic (isentropic) compression

lgnition
e 2 — 3: Constant-volume (isochoric) heat addition Q-» Power
n
* 3 — 4: Reversible adiabatic (1sentropic) expansion ] 1

Exhaust

. . . . Compression
* 4 — ]: Constant-volume (isochoric) heat rejection + . :,1 »;Qout
2 1 f

44



Otto Cycle (Gasoline Engine Model)

In the ideal Otto cycle, all four processes are treated as 4P 3
internally reversible.

The heat-transfer steps (2 — 3 and 4 — 1) occur at constant

lgnition g
volume, but they are not the cause of irreversibility in the »
ideal cycle. Qin

4
Exhaust

I ! - Qout
v

Real gasoline engines are irreversible due to friction,

turbulence, finite-rate combustion, and heat loss. Compression
Va 1

For the 1deal Otto cycle, the working fluid returns to its initial
state each cycle:

ASsystem =0
In a real Otto engine, entropy is generated:
Sgen > 0

so the entropy of the surroundings (universe) increases. .



Otto Cycle (Gasoline Engine Model)

AP 3
. . lgnition
Increase 1n the entropy of the surroundings, Because = P
OWer
the engine has to return to 1ts original at the Qin
. . . 2
completion of every cycle, consists of four internally 1
. Exhaust
reversible processes. _ Compression—1 = Qou:
1__2 1"1 1__.‘
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Otto Cycle

AP 3
How much heat 1s added in step 2 = 3?
Ignition
d
Cy = (—Q> = dQ = CydT =)
dT Qin
v 1
T3 E:{ﬁﬁt Q
| Compression 1 _
Qu = f CydT — |Qul = |Cy(Ty — T e P
T

Where T3 — TH
Similarly, step 4= 1:

|Qc| — |CV(TC - T4)|

Where T; = T,

47



Otto Cycle

First law of thermodynamics to one cycle of the Otto engine:

AQ = AU + Wy,

Since U 1s a function of state, in a cycle AU = 0

AQ = Wyy = |Qul = 1Qc| = Wyy
The efficiency of Otto cycle 1 1s defined as:
Wy _1Qul =10c| _ = Ti—Tg

=1-—
|Qxl |Qxl Ty =T,

Unfortunately, we only are given T3 = T andT = T

T]:

AP 3

Ignition

=
Qin 2

4
Exhaust

Compression

1
t - Q out

48



Otto Cycle

For adiabatic steps 1= 2 and 3= 4: applying
Tl-Viy_1 = const

We find that

AP

Ignition §

Compression
|

Power

1

Exhaust

:l »> Qout
Vi v
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Otto Cycle

1 WP 3
77 =
@
V Ignition §
=
=1 1 Qin 9
n r (y - 1) 4Exlxaust
r=(V,/V,) is the “compression ratio” of the engine. W Y -}F Qout

V2 Vi

we have the efficiency in terms of the compression ratio.

50



Otto Cycle

We add steps 1 = 5 and 5 = 1 to the Otto
cycle. Areal engine,  of course, does not run
on an 1deal gas. It lets a mixture of air and fuel
in. This would be the new step 5 = 1 (this 1s the
“intake” stroke on the engine).

In the real engine the combusted mixture 1is
exhausted. In the model system this corresponds
to the rapid cooling, step 4= 1 and the new
step 1 = 3.

The cycle begins all over again with the intake
step, 5 = 1.

Pressure

ignition

> €
0 intake stroke  exhaust stroke 1

Volume
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Summary of Last Class (Entropy Changes 1n Reversible Process)

i. Isothermal Process

Q
ASt = —
T
i1. Isochoric Process (Constant Volume):
Ui
ASV - CvLog —
T;

ili. Isobaric Process (Pressure Constant):
Ty
ASP —_ CpLog p—
T;
ili. General Case:

Iy Vs
AS,., = CyLog T + NkglLog "
l l
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Entropy from Statistical Mechanics View

Statistical mechanics definition of entropy (we proof later while
statistical mechanics):

S = kgLog(# of accessible States)

We will do next 1s to motivate the thermodynamic definition of
entropy using the statistical mechanic version of the concept
given above. We will reproof

- Qrev

AS
T

53



Free Energy and Thermodynamics Potentials

The name “Thermodynamic Potential” refers to a set of state functions that depend
on different independent variable. These variables in some way act as the
constraints on the system.

We have already seen internal energy U = U(V,T) or U =U(N,V,T)

thermodynamic 1dentity (or at the combined first and second laws, or at the TdS
equation) we have:

dU =TdS — PdV

from which we conclude that the natural variables for U are: U = U(S,V). Or
more generally, U = U(N,S,V)



Legendre transformation

What we will present here 1s a way to go from one set of independent variables to
another. The process 1s called Legendre transformation.

Let’s consider an-energy-like function Z = Z(x,y) of extensive variables x and y. we
write the differential as:

dZ = Xdx + Y dy
we already knew that:

0Z 0Z
— =X and — =Y
dx aday

where X and x are a conjugate pair; and Y and y are another conjugate pair.



Legendre transformation

Suppose we want to change our independent variables from x, y to X and Y.

Let’s define a function M = M(X,Y) as constructed:
M(X,Y) = Z(x,y) - xX - yY
Let us compute the differential dM:
dM = dZ - xdX - Xdx - ydY - Ydy
ButdZ = Xdx + Ydy
dM = Xdx + Ydy - xdX - Xdx - ydY - Ydy
dM = —xdX - ydY

With this we get:

M _ _ apnd M_ :
X ay Y



Maxwell Relations

we already knew that:

The transformation from Z(x,y) = M(X,Y) is a Legendre transformation.

57



Maxwell Relations

Now suppose that we wanted to go from (x, y) as independent variables to (x,Y) as
independent variables

We define a function:
N= N(x,Y) = Z(x,y) -yY
and we get the differential dN:
dN = dZ(x,y)-ydY -Ydy = Xdx + Ydy-ydY -Ydy
So,
dN = Xdx -ydY
Now, with this we can write:

ON ON
— =X and — =-—
9% d oy =7V



Example 3.4

Given a function of two variables: df = Z—i dx + Z_f, dy =udx+vdy

Change the differential from (x, y) to (u, y) using Legendre transformation.
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Quiz-3-1

A power plant operates by converting water into steam to drive turbines. In this
idealized cycle, heat 1s drawn from a boiler and exhausted into a nearby river. Using
the typical operating temperatures provided, calculate the maximum theoretical
efficiency (1,,,45) Of the plant (in percentage %).

Given Data:
» High-Temperature Reservoir (Ty): 500°F

* Low-Temperature Reservoir (T ): 55°F
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Entropy 1n Statistical Mechanics View

In statistical mechanics, entropy 1s defined by the Boltzmann equation: (we proof
later while statistical mechanics):

S = kBLOg(Q)

where () 1s number of accessible microstates (possible microscopic arrangements)
Connecting Statistical and Thermodynamics Entropy

In the next section, we will use this microscopic definition to motivate the
thermodynamic definition of entropy. We will show that for a reversible process:

dS — SQ;BU
And for an isothermal reversible process
AS _ QT‘BU

T
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Entropy Changes in Reversible Process

There 1s a reversible process between a system and its surroundings (temperature of
system 1s equal to surrounding) in every process. Let us look at some calculations of
entropy changes.

i. Isothermal Process
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Entropy Changes in Reversible Process

11. Isochoric Process (Constant Volume):

we know that heat capacity: €y, = (Z—g)v - dUy = CydT

dQy, dU, C,dT
v == =7 =77

By assuming C,, 1s independent of temperature:

CydT Trc,dT
dSV —_ — ASV —_ f —_ CvLOQ
T po T

Ty

T;

)
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Entropy Changes in Reversible Process

ili. Isobaric Process (Pressure Constant):

Heat capacity at constant pressure,

) Q = CdT
With this we can write (assuming C;, 1s independent of temperature):
S, =
: T

AS, = C ijdTP Col. (Tf>
ju— —_— n —
P P T P T,
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General Reversible Process of Ideal Gas

dQyepy = dU + dW = dU + PdV
For an ideal gas, there is no volume dependence in the energy.

U(V,T) = U(T) = dU = C dT

NkgT

VdV

erev — CVdT + PdV — CvdT +

dQ, oy dT dv
T — Cv?‘l‘NkB?

o= [0 iy [
= V B TR
rev Tl T Vl V

Ty i
l l

This 1s the change in entropy 1n processes that take place for an 1deal gas when there are both
changes in temperature and changes in volume.
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Entropy Changes in Irreversible Process

Entropy change of the penny using the reversible path.
dQ = dU + PdV = dU = C,(T)dT

Here we are writing Cy, as C(T) to make it explicit that the heat capacity of the penny
may well be a function of the temperature. For the reversible process:

i
_ Cy(T)dT L AS _j Cy(T)dT

ds =
T po T
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Entropy Changes in Irreversible Process

Change of entropy of reservoir (Lake) 1s (recall that the process 1s 1sothermal for the
lake):
TL

dQ 1
2 S ASigke = — 7 deenny
T, T, )y,

ASigke = —

f L deenny AQpenny CP (Tlake o Tpenny) CP (TH o TL)
ASlake _ — = — j—

T Ty, I, Ty, Ty,

H
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Entropy Changes in Irreversible Process

Total entropy change:
TLdQ 'L C, dTr
penny p
AStotar = ASigke + ASpenny — _f T + f T
Th L Ty
Now, changing the order of the integration limits in both integrals, we can re-write this
as.

HIC, dT C,dT
AStotal —
since Ty;> Ty for every point along the 1ntegral.
C,dT C,dT
[ p*t  p > 0
T, T

Hence,
AStotar = ASigke + AS}z)enny > 0
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Entropy Changes in Irreversible Process

» Entropy increases as a result of the irreversible process. In this process the entropy
of the penny decreases, the entropy of the lake increases, and because the process that
was followed was not quasi-static, and hence irreversible, the overall entropy change
of the Universe is an increase in entropy.

» It does not matter whether Tpenny > Tlake, or Tpmy < Tiqke - In either case the
entropy of the Universe increases. What matters 1s that, with the temperature
difference in either direction, the process is irreversible. Irreversible processes create

entropy.



Legendre transformation

If we take: U = U(S,V), then

dU = TdS - PdV

dU = ov ds +
—\as .

ou

aV

) dV =TdS — PdV
S

((’)U) _r e (ay> _ _p
os /| ov /]
V S
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Partial Derivatives

Let’s consider a volume change path 1-2-3 constant pressure 1-2 and constant
temperature 2-3:

Wizs=(2) ar+ () ap
bas T\ oT oP
P1 T2

Let’s consider a volume change path 1-4-3 constant Temperature 1-4 and constant
pressure 4-3:

aV aV
dV1’4’3 —_ a_P dP + a_T dT
T1 P3

Since same volume change:

&r),,~ @),,) _1Gp),,~ (@),

dP dT




Partial Derivatives

When dP and dT approach zero. It is mixed second partial derivative of V with respect

toPand T
o [oV 0%y | o (ov a4
oP\ 0T -~ QPOT |OT \ 9P ~ dToP
PlT Tlp
So
0%V 9%V
OPOT  OTOP

So just proofed that mixed second partial derivative 1s independent of the order of
differentiation.



Partial Derivatives

Where (Z_ISJ)V =T and (3—5)5 = —P

Clearly the quantities on the left-hand side (T and V) are readily accessible to
measurement; the condition of adiabaticity 1s readily met by a reversible process with no
heat flow involved. On the other hand, the dependence of pressure on entropy 1s not a
readily accessible quantity.

These relations between second cross derivatives of the thermodynamic potentials are
called are called the Maxwell’s relations.



Legendre transformation (S, V)= (S, P)

we have obtained H = H(S, P).
H=U+ PV => dH = dU + PdV + VdP
dH = TdS - PdV + PdV + VdP
dH = TdS + VdP
So:

With this we can write:

(@) °(a)
( 3S P) 0°H  0%H P )
S

0P /s 0PdS 9SoP  \ oS /,




Legendre transformation (S, V)= (S, P)

(), (),

Again, the left-hand side is readily measurable while the right-hand side 1s difficult to
obtain experimentally.

This becomes:
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Enthalpy (H)

Enthalpy 1s a state function that describes the total heat content of a system. It accounts
for both the internal energy and the energy required to "make room" for the system by

pushing against the surrounding pressure.

The formal definition is:

H=U+ PV

Feature Heat (q)
Definition Energy in transit due to AT.

Path Function (depends on the
Type

route).
Measured as A flow of energy (J).
Context What is moving between objects.

Enthalpy (H)
Total heat content of a system.

State Function (depends only on
start/end).

A property of the substance
(J/mol).

What is stored within the
chemical bonds/system.
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Legendre transformation (S, V)= (T, V)

We do next the Legendre transformation (S,V) => (T,V)
or, alternatively, from U(S,V) => F(T,V)
We have:
dU = TdS -PdV,
With the transformation is from: Z(x,y) to N(X, y)
N=Z-xX=U-TS =F

F=U-TS
dF = dU — SdT —TdS = TdS — PdV — SdT —TdS = —SdT -PdV

So, with this we can 1dentify:



Legendre transformation (S, V)= (T,V)

<6F) c i (6F> »
— | = — an — | = -
aT ), av ).

And we can get the corresponding Maxwell’s relations from the cross derivatives:

or).) (o)) (e o)

T

Again, the change of the entropy as a function of volume 1s very difficult to measure
experimentally, when compared to the change 1n pressure as a function of temperature at
constant volume, which 1s something very readily measurable with a thermometer and a
manometer.
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Legendre transformation U(S, V)= G(T, P)

Finally, we look at the Legendre transformation from  U(S,V) => G (T, P)
Recalling that:
dU = TdS - PdV
M= 2Z2Z-xX-yY= G =U-TS + PV
N=U-TS+PV=>G
dG = dU - SdT -TdS + PdV +VdP
dG = TdS - PdV - SdT - TdS + PdV + VdP = —SdT + VdP

For the Maxwell’s relation for this one we have:

(larh) _(ar) . (o) ()




Maxwell Relations

Thermodynamic Potential Independent Maxwell’s Relations
Variables
Internal Energy U S,V oT 0P
dU =TdS - PdV (W)S T (ﬁ)v
Enthalpy S, P oT av
H=U+PV dH = TdS + VdP (6_P>S B (ﬁ)P
Helmholtz free energy F T,V dS oP
F=U-TS dF = -SdT-PdV B (W)T: B <G_T)V
Gibbs free energy, P T 0S av
G=U-TS +PV dG = -SdT+VdP N (0_P>T: (6_T>P

G=F+PV




Thank you very much for your attention
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