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Statistical Mechanics

» Involves a detailed microscopy theory and the use of probability to
relate microscopic degree of freedom to the macroscopic
observables.

» It is primarily concerned with energy "storage" and the balance
between energy and entropy at the microscopic level: how energy 1s
distributed among the many internal degrees of freedom of an
object.



Phase Transitions

» Phase transitions and critical phenomena are subtopics of equilibrium
statistical mechanics and classical thermodynamics.

» Phase transition theory aims to qualitatively and quantitatively predict
changes of phase and class phase transitions based on their
universality class.



Background

It 1s an approach for dealing with systems that involve a number of particles.

» A stationary state 1s a state in which the physical quantities are independent of time. This
means that stationary systems are ones for which the energy is well defined.

» An energy-level: if two (or more) different states of a system have the same value of the
energy, they are in the same energy level.

»Degeneracy or multiplicity of an energy level: it is the number of different states of a
system that correspond to a given energy level.

H atom
13.6 eV
N2
Where n 1s a positive integer; n 1s called the “principal quantum number”

n



Background

» The state of a H atom is determined by a set of four quantum numbers: n, ¥, m,, and
mS

» Here n is the principal quantum number,

» £ 1s the angular momentum number (that goes from 0 ton — 1),

» m, 1s the z component of the angular momentum number (that foes from —# to £),
» mg is the spin that is either +1/2 or —1/2.

» n, the principal quantum number, alone determines the energy of a given state, the
corresponding energy levels are degenerate



Particle 1n a box
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Binary Model

* Consider N distinct and separate sites: At each one of the sites there 1s a property that
can have only one of two values.

* A Microstates for this system: a microstate of the system 1s given when we know
how each individual spin is pointing.

* A macrostate for this look like: a macrostate the only thing that matters is the net
difference between spins pointing up and spins pointing down



Binary Model System

»Consider N distinct and separate sites: At each one of the sites there is a property that can
have only one of two values. We consider a one-dimensional set of N non-interacting
spins, each one of which can point up or down.

»The quantity is directly related to the magnetization of the system, a macroscopic
property.

» The magnetization is defining as the net magnetic dipole moment per unit volume. In this
case, the magnetization 1s equal to the product of the spin excess, 2s, times the magnetic

dipole moment, u, associated with an individual spin, divided by the volume of the
system, or

M = 2su/V

Where the unit of uis Am?, or N.m T~1(JT~1) and unit magnetization, M is Am.



Summary of Previous Class

Istand 2" T'dS equations:

TdS = CydT + T op dv
v aT ),

TdS = CpodT TaV dP
P aT ),

From 15t & 2" TdS equations:

(c,— ) T(aV)2 (ap)
p —Lv)= —L |3+ YT

oT PGVT
oP

(E) 1s negative for all material, Cp can never be less than Cy,. Alsoboth heat capacities
T

av

are equal when (E)P = 0and/orT =0



Summary of Last Class

Energy level of H atom
13.6 eV
-
The state of a H atom 1s determined by a set of four quantum numbers: n, £, m,, and mg

En

Develop an approach to allow us to determine, from the knowledge of microstates of a
system and their corresponding multiplicity of degeneracy, what macroscopic properties of
the system are.

* A Microstates of this system: given when we know how each individual spin is pointing.

* A macrostate of this system: thing that matters is the net difference between spins pointing up
and spins pointing down

Begin with binary system, for example: Magnetization (net magnetic dipole moment per
unit volume):

M = 2su/V
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Binary Model System

Magnetic moments are expressed in terms of a unit called Bohr Magneton which arises
naturally in the treatment of quantized angular momentum.

eh 24/ -5
Ug = = 9.2740154 x 107“* = = 5.7883826 X 107 >eV /T
2m, T
Orbital: y; = — 2;; gL

using angular momentum of quantum state is found to be L = \/ {(f+1)h

Where ¢ 1s angular momentum quantum number € =0,1,2,..,n—1 and the z-
components of the angular momentum”
LZ = m{)h

eh
2m,

And z-direction y;, = —g; my = —My Ug

since g-factor of orbital angular momentum is g; = 1 !



Binary Model System

e

Spin: s = — Js S

using spin momentum of quantum state is found to be S = \/ s(s+1)n

2Me

Where S 1s total spin angular momentum quantum number. Above is the resulting the fine
structure. The z-components of the angular momentum in terms of the magnetic quantum
number

S z = msfl
Where m, = + % h

eh
2Mme

And z-direction ug, = —gs me = —2mg Ug = TUp

since electron spin g-factor 1s g = 2.0023 = 2
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Binary Model System

Let us do a quick calculation for an N =3 spin system: there two possible state for spin 1
(namely, up or down);

Description Spins Possibilities Spin Excess

All three up T 1 Up-down= 3 -0 =3
Two up and one down LT UTT 3 Up-down= 2-1=1
One down and two up LU, LT 3 Up-down= 1—-2= -1
All three down Wl 1 Up-down= 0 —3 = -3

For N =3 spin there are 8 microstates (8 = 23 = 2V). And there are N+1 different values
for the spin excess or the magnetization (4 = 3 + 1)

13



Example 4-1

Let us consider N =4 spin system. Determine the total number of microstates and Spin
excess.

Description Spins Possibilities | Spin Excess

All three up T 1 Up-down= 4—-0=4

Three up and one down T T, TUTT UTTT 4 Up-down= 3—-1=2

Two up and two down T, TITL LT, TULT, LTI, 6 Up-down= 2—-2=0
WITT

One up and three down T UTLL LUTL LT 4 Up-down= 1—3 = -2

All four down W 1 Up-down= 0—4 = —4

there are a total of sixteen different microstates and five different values for spin excess (or
magnetization) and spin excess or the magnetization (5 =4+ 1 =N + 1)..
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Binary Model System

For N = 4, there are 2* = 16 = 2¥microstates
and 4+1=5=N+1 values of the

7
magnetization. 8 6
i
g 5
The maximum in the value of the number of g 4
microscopic states as a function of the spin % 3
excess, 2s (in this for spin excess 0). S
=
e 2 1
For any other number N of spins: Z
N of spins: - _
e Total number of microstates:2" ; and, 4 2 0 2 4
e Number of different values of the spin excess: Spm Excess

N+1

Even if N is not too large, 2Vis much larger than N + 1. For example, consider N =10. The
number of microstates is 2% = 1024; and the number of different values of the spin excess
10+ 1 = 11. 15



Binary Model System

We use again our results for N=4 as a guide. We can symbolically write all sixteen
microstates as a result of the following formal products:

T+, T+, (T +):(T+), = (T+1)*

The sub-indices stand for each of the four different spins, and the parenthesis to the
power 4 is just a compact way of writing the expression.

If we group the results in terms of just excel (i.e., not worrying about which individual
spin is up or down) we get the following:

(T+H)* = 1.7 + 4.1 + 6.7 +4.170U + 1.1
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Binary Model System

These coefficients are the same as those that appear in the bionomical expansion.
(x+y)*=1x*+4.x°y+ 6.x°y? + 4.xy°> + 1.y*

The binomial expression is:

N S N N-t,,t
(x+y) :Z(N—t)!t!x Y
t=0

For spins, t = 0 corresponds to Ny = N (and N, = 0) and t = N corresponds to Ny =0
(and Ny = N). with this then:

N C N'! Ny N
(1+1) =ZNT!N“ N1 Ny
t=0
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Binary Model System

We can write this more conveniently by noting that:
ZSZNT—Nl and N :NT_I_NJ,

Solving these two equations for Njand N; in terms of N and s (assuming for simplicity
that N 1s even) yields:

N—N+ dN—N
T—Z S an i—z S

N
t=0 Ny =N —>N=§+S+>S:

N =Z

And
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Binary Model System

With NT=g+s and leg—s

s=+N/2

N
N! N! N N
N __ N N __ —+S ——S
(1+1) —ZNT!N“ M= N ——1(G*)iz)
t=0

< (7+5)!(z7-9)!

s=+N/2

(T+HY = 2 g(N, S)T 2+5)(3-5)

s=—N/2

Here g(n, s) is the number of microstates for a system of N spins with spin excess 2s.

N! N'!
I i)

g(N,s) =
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Binary Model System

With NT=g+s and leg—s

s=+N/2

N
N! N! N N
N __ N N __ —+S ——S
(1+1) —ZNT!N“ M= N ——1(G*)iz)
t=0

< (7+5)!(z7-9)!

s=+N/2

(T+HY = 2 g(N, S)T 2+5)(3-5)

s=—N/2

Here g(n, s) is the number of microstates for a system of N spins with spin excess 2s.

N! N'!
I i)

g(N,s) =
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Binary Model System

We know that for N spins there are 2V different
microstates. This same number 1s what we should
get 1f we do the sum:

N
S= +7
# microstates = z g(N,s)
N
s=-3
5=+
2 N

250 A

200 -

Number of Microstates

150 +

100 -

A e
i nmu

- 00 O s

4444

-10 -8 -6 =4 =2 0 2 4 6 8 10
Spin Excess 2s

Number of distinct arrangements of a
binary system.




250 A1

Binary Model System

N

> G
— | +1

t=O(N t)!t!

AR S 4 -
LI | ||

- 00 O H

$444

200 A

150 +

100 4

Number of Microstates

i N e S |
= 1Pt =0+ D" =2 0-
(N —1t)!t! Y R Y Y Y
t=0 Spin Excess 2s
So, in fact: Number of distinct arrangements of a
N binary system.
S= +7
# microstates = 2 g(N,s) = 2N N (FWHM/M)
S:—M 4 066
2 6 0.3
C e . : : 8 0.1
The multiplicity function g(N, s) is very sharply 10 0.06

peaked.
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Multiplicity Function

N! N!

M ) (5 -s)!

g(N,s) =
For Large number,

1 1
Log g(N,s) = Log N! — Log (EN +S> | — Log (EN —S)!

Here: N; = %N-I—S and N| = %N—s

Log g(N,s) = Log N! — Log N;! — Log N !



Multiplicity Function

Let’s apply the Stirling’s approximation when N >> 1, which an approximation for factorials
1

1
N! ~ (2m)z NN+1/2 N 4+ —— 4 ...
(2m) exp| +12N+ ]

With this approximation, the Log N! Becomes
InN'~~Ln2m+ (N +)LnN—N+——+-
2 2 12N

We can drop the last terms for large N:

1 1
Ln N! zan2n+<N+§>LnN—N

With N = N; + N; rearranged as:

1 1 1 1
Ln N! %ELTLZH'—ELTLN‘F(NT‘FE‘F Nl"‘E)LnN_(NT_I_Nl)
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Multiplicity Function

rearranged as:

Ln N! 1L 27T+ Ny +
Tl.~27’lN 1

Similarly, for large N;! and N|!

2

1 1
)LTlN-F(Nl +§>LRN—(NT+NL)

1 1
LTlNT! zELn 21 + (NT +§>LTLNT _NT

1 1
Ln N,! zan 21 + (Nl +§)LnN¢ — N,

With these all approximation,

Ing(N,s) =LnN!'—InNy! —LnN,!
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Multiplicity Function

1 2m 1 1
Lng(N,S)=—Ln—+ NT+_ ILn N + Nl+§ LTlN—(NT-FNl)

2N 2
1 1 1 1
—ELTIZTL'-F NT+E LTLNT—NT — ELTLZT[-F Nl+§ Lan—Nl
Ln g(N )—1L ! Ne+2) L (NT) N+ )L (Nl)
UL S) =5 M 50N ECY U LTS E AN

. : : : N N\ . :
Now 1t 1s again convenient to return to expression Ln (FT) and Ln (ﬁ) in terms of the spin

excess, 2s = Ny — N, and N = N; + N,

i ()= o) () (52 <1 () a2+ ()

With 2s < N. so we can approximate the loearithm bv noting that:
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Multiplicity Function

1
In(1+x) = x—zx2 + -

Where x 1s small

N+1L(NT> N2 1/2s\°
LY R VY R LY | B A WY

N s* 254 2s3 1 S /S\2
_anZ-I_S_N_SLnZ-I_T_F_ELnZ-I_ N_( )

N+1 N +1 s?  /s\? 2s3
= |— T In2+s N —sln?2 +ﬁ_(ﬁ) —F

~y
~y
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Multiplicity Function

simlary: Ln (3) = bn (57) = 1 () (552) = 1m (3) + 1 (1 (5)

2
By applying the expansion of logarithm: Ln (%) ~—Iln2— % — % (%)

N+1L<NL) V(a2 L(E)
Pzt T\ 2T T\ TN T2\

NLZ 52+L2+252+253 1L2 s (5)2
7 Vet VAR V2R St VARRVY

N+1 N+1 SZ S 2 253
75 In2—s N +sln?2 +N_(N) +F

~y
~y
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Multiplicity Function

(w43 )m () + (o 3)en ()

- (N+1 P N +1 1o 4S (5)2 253
N S U A RV 7 5

2
- (N +1 N+1 s /s\2 2s3
+_— 5 In2—s N +sln?2 +W_(N) +F_
By neglecting higher order term of s%/N?
Ne =)L (NT)+ N+ )L (Nl) (N + 1L 2+ZS2
TT2)" N PT2)M N T TETN

252

(NT +%> Ln (%) + (Nl +%> Ln (%) ~ (N +1)Ln (%) +T



Multiplicity Function

1
Ln g(N,s) = ELn

1
2

(o)~ (e +2) m (5

~—=In (27TN> [(N + 1)Ln

1

Ny
N

) (4

2+

1 \2
zL o L 2N+1_
n(sz) + Ln

1

2 \2
| 2N
()

~ In

N

252
N

252

1
2

Yin

N,

N

)
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Multiplicity Function
2 \2_, 257 257
(ﬁ) 27| exp (‘ T) =g (N, 0) exp (‘ T)

g(N,0) =

N =

g(N,s) =

Where

The form of the approximate multiplicity function

252
g(N,s) = g(N,0) exp (_T)

Such a distribution of s is called a Gaussian distribution. The integral of above over range of
— oo to +o for s gives the correct value 2V for the total number of states.
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Thank you very much for your attention
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