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Outline

We will consider two problems: first the blackbody radiation problem, and then the
problem of lattice vibrations in a solid. The two are similar in many regards.



Blackbody Radiation

Maxwell Theory light was attempted to apply to long-standing puzzle of blackbody
radiation. The blackbody radiation that led to the concept of quantum theory.

At room temperature, thermal radiation 1s mostly 1n the infrared (IR). When we heat
an object to higher temperature, they emit visible light.
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Blackbody Radiation

»In 1859, Gustav Kirchhoff proved theorem based on thermodynamic that emitted
power

er = J(f, T)Ar

Where e 1s the power emitted per unit area per unit frequency, Ar is the absorption

power, and J(f, T) is universal function depends only on f and T. Here, fis frequency
and T 1s temperature of the object.

» For black body, Af = 1
ef — ](f) T)

Where black body radiation depends only on f and T, but not on physical or chemical
property.



Classical Theory of Thermal Radiation.

Rayleigh-Jeans Law: The classical theory of blackbody radiation formulated by Load Rayleigh,
John William Strutt (1842-1919, English physicist), and James Jean (1842-1946, English astronomer
and physicist), derived with idea that blackbody radiation energy per unit volume with frequency

between f and f + df: _
u(f,T) = EN(f) df

- Rayleigh—
*»Spectral energy density:

8 f

u(f, Tdf = —5—kp T df H . %

“*In terms of wavelength : L
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Plank and The Quantum Hypothesis

For blackbody radiation problem, Planck made the very radical

assumption that the energy in a given mode of frequency w could only
change in integer multiples of hw.

& =S hw

Where s 1s a positive integer or 0 and we are 1gnoring the zero-point
energy,(1/2)ho.

€ = hw, € = hwp

€ = 2hw,

A

1-D & 2-D of two electromagnetic modes (a & b). The amplitude of EM
field represents for 1 & 2 photon occupancy of each mode.
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Plank and The Quantum Hypothesis

we can readily find the partition function for one mode inside the cavity. For a single mode

& = S hw and:
= shw
Z(t) = Z exp (— —) z exp( )
all states




Plank and The Quantum Hypothesis

The probability for photons with mode w

e B
L

Average value of s, (s) can be calculated as follows:

(s) = z P.-s=7"1 2 S-exp<—ShTw)

all states all states
S

(1 < hw)) z ( Sh&))
= —exp\|\ —— S~exp\ ———
t all states t

S



Plank and The Quantum Hypothesis

Let’s look at the expression:

2 S - exp (—ShTw> = 2 s - exp(—sy) (with y = (h7w>>

all states all states
S S
d z (—s) d ( 1 )
= —— exp\—Ssy) = — — —
dy all states dy 1 exp( y)
S
< Sha)> exp(—y)
S--ex —— | ==
P T (1 —exp(—y))?

all states
S



Plank and The Quantum Hypothesis

The thermal average energy in the mode 1s

(s)=(1—exp o exp(_hTw) = .
S MR

1 — exXp (—T

From the average value (s) it is straightforward to get the average energy in the
mode:

hw
(eha)/r — 1)

(¢) = (s)hw =
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Plank and The Quantum Hypothesis

So far, we have done all of this for a single value of the frequency (or for single mode). Let’s look the
values 1n the cavity (length L). The electrical field components of the form (below, the j component):

_ nmj\ o mymi\ o (NgTk
E; = E;pSin(wt)Cos 7 Sm(T)Sm 7

Where 1, j, k corresponds (generically) to X, y, z. For example,
N, TTX N, T n,mz
E, = ExOSin(a)t)Cos( ad )Sin( Y y) Sin( Z )

L L L
Ey _ EyOSin(wt)Sin (anTX) Cos (nyLT[}I) Sin (leLTCZ)
5, = EZOSin(wt) Cos (anTX) Sin (nyLﬂY) Cos (leLTCZ)

Where E,, Ey, & E, are three electric field components and corresponding amplitudes are
ExO: EyO» & EZO
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Plank and The Quantum Hypothesis

These three components are not independent, because field must be divergence-free

di E—VE—aEx+aEy+aEZ—o
VR Y Ty T ey T ez

which needs to be
Exonx + EyOny + Ezonz = EO .n = O

The electric field vectors must be perpendicular to the vector n, components are ny, n,, & n,.

[f the wave 1s propagating along the Z direction, the E field at any point will be in the X-Y plane
and there will be no component along Z.

The EM field 1n the cavity is a transversely polarized; the direction of the E field 1s called the
“polarization” direction of the field, E|

12



Plank and The Quantum Hypothesis

The allowed frequencies are determined from the wave equation for the electromagnetic
waves.

We get for EM waves

Eventually we get that:

2 2

[ 4 () + () | 2o = = T 4y 4 =TT

n in principle runs over positive integers

13



Plank and The Quantum Hypothesis

The total energy 1nside the blackbody at temperature 1:

Z (en) = Z (Sp) hwy, =2 - z (eha)n/r —1)

all states all states

The factor of 2 1n front of the sum takes care of the fact that since there are two
perpendicular polarization directions for every frequency, there are two different states
corresponding to each energy.

Classically valid equipartition theorem, which states that in equilibrium the average value
of the energy of a system is:

U 1

N — (E) leBT

where n 1s the number of quadratic terms that appear in the Hamiltonian of a system

14



Plank and The Quantum Hypothesis

We return to calculate U for the blackbody radiation problem:

- hw,
U=2- z
(ehwn/r — 1)
n=0

we recall that w,, = %

Rectangular coordinates in n-space (i.e., over all allowed of n , n and n ). Instead of doing this
we will integrate in terms of spherical coordinates in n-space. We have the following
corresponding variables: n < r 60 < 0; and p < ¢. This represents (1/8) of all
space.



Plank and The Quantum Hypothesis

Differential element of volume 1n rectangular and in spherical coordinates in n-space:
dV = dn_dn dn = n dn Sinf do d¢

- hncm 21T - 3 hncm
) 1 | L)
Uu=2- Z - =2 d¢ | Sin6db n<dn

hncrm § hncrm
n=0\e Lt —1 0 0 o \e Lt —1

The two integrals over the angles yield a factor 4x:

co

hcm? n3dn
U= L ( Ancm
o \e Lt —1
In this last integral we change integration variables to: x = Zin, with this the expression

for U becomes:

16



Plank and The Quantum Hypothesis

4 4 7T2L3

U_hcn J dx hcn ( ) o 4
L hcn (ex—1) L \hcr 15_15(hc)3T

Where the integral is */15.

Since IV = LB, we can write an expression for the energy density:
U 2

V15 (ho)? "

The dependence of the energy density on the fourth power of the temperature 1s known as the Stefan-
Boltzmann law of radiation.

4

In 1879, Jose Stefan, found experimentally

etot — f efdf =0 T4
0

Where e;,; power per unit area from surface of block body at all frequency, and o 1s the Stefan-

Boltzmann constant, 5.67 X 1078 W.m™2 K4 17



Plank’s Law of Radiation

The expression of the spectral energy density, that is, the energy per unit volume, per unit
frequency interval, in the blackbody. This 1s what is called Planck’s law of radiation:

00 hncn
2 hcm? dn
hncn dn = Ancrm
(e Lt — (e Lt —1

Si __ncm
Ince wy, = —— We get

U f f : h w3
— = Uy AW = Uy =
V. cin® (eT—l) ¢ ’ anz(er—l

The quantity u,, 1s the spectral energy density, the expression first obtained by Planck.

18



Plank’s Law of Radiation

u,, are positive or 0, and clearly u goes to 0 at both high and low frequencies. Hence u has a
maximum for some ®. We determine the location of that maximum, next.

The maximum in the spectral energy density 1s given by:

duy __d ( A w3 ) d ( x3 ) )
— Y= 3.2 7 hw - x _ -
dw dw\ c3m (eT 1 dx \ (e 1)

Carrying out the derivative the equation for the maximum becomes:

_ 3x%(e*-1)-x3e*

b= (eX—1)2

- 3(e*—1) = xe* - 3(1—e_x) = X

hw
where x = —

The expression 3(1 —e ™) = x is one that does not allow close form analytical solutions.
Such expressions are called transcendental equations. 19



Plank’s Law of Radiation

Intersection point, x , is approximately 2.82. So:

a

h 0 = A
Wmax ook «
2.82 = Xpgy =
T LE-=IE | _i_d e R
754 ;_-"‘-.;:_.I".-.
Or ool L f.r'*
2.821- =~ hwmax L .. r;r...;
UL | ] __.-".
electromagnetic waves, we know that: w{ S
W an{ &
cC = /11/ —_ /1 (_) — W =C an o Lo L3 14 7
21T e
a given temperature. Fig-04: Graphical Solution of 3{1-e ™) = x

AmaxT = constant
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Plank’s Law of Radiation

The wavelength max at which the emitted intensity reaches
1ts maximum value. max shift toward shorter wavelength as
the blackbody get hotter,

1

A K —
max T

Arax T = 2.898 X 1073 m.K

Where A4 1s the wavelength at maximum intensity, and T
1s absolute temperature.

Fig-04: Graphical Solution of 3(1-e ™) ==x

21




Plank’s Law of Radiation

Intersection point, x
m

a

h’ wmax

282 % Xmax = —

Or
2.82T = Nwp gy

For electromagnetic waves, we know that:

c = Av = A(%)ﬁ a)=c(2;)

AmaxT = constant

, 1s approximately 2.82. So:
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Fig-04: Graphical Solution of 3(1-e ™) =x
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Plank’s Law of Radiation

The wavelength max at which the emitted intensity reaches
its maximum value. max shift toward shorter wavelength as
the blackbody get hotter,

P 1
XX —
max 2w

Arow T =2.898 X 1073 m. K

Where A,,,, 1s the wavelength at maximum intensity, and T
1s absolute temperature.

It 1s Wien’s displacement law.
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Entropy of Blackbody Radiation

Let’s consider a gas of photons in a volume V at a temperature. From the TdS equation that

we had arrived at before: tdo = dU + pdV. In this case the volume 1s fixed, so dV = 0:

i Vr? 4
I dU  “\15 (hc)3 't _Vr*d(x*)  Vm?(4r%)dr
> T T . ~ 715 (ho)® 15 (ho)?

Integrating this last expression to obtain ¢ we get:
4Vn? [1%dt 4V 273 42V T3
T T15(c)® 315 (ho)® 45 (ho)?
We consider next what condition is satisfied by an expansion or a contraction that takes

place reversibly and 1so-entropically, 1.e., adiabatically, for a gas of photons: ¢ 1s constant
for a process if V1° is a constant.

24



Plank’s Law of Radiation

Energy per unit Volume

h a)3

v anj(er—ﬂ juwdw C”Z ~1)

The quantity u,,1s the spectral energy density,

The maximum in the spectral energy density 1s given by:
du,,
dw
Aoy T =2.898 x 103 m. K

Where A,,,,, 1s the wavelength at maximum intensity, and T is
absolute temperature.

It 1s Wien’s displacement law
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Entropy of Blackbody Radiation

Let’s recall the TdS equation tdo = dU + pdV
Volume 1s fixed, so dV = 0:

] Vrm? /
P dU  “\15 (hc)3 T B Vr?(4t%)dt
°==T T 15 (k)3

Integrating this last expression to obtain ¢ we get:
4Vn? [t%dt  4xm?y+3
T 15 (ho)® 45 (ho)?

For a gas of photons, o is constant for a process if V° is a constant.

As you may recall, for a classical ideal gas an adiabatic expansion is given by a constant value of
V132,

26



Lattice Vibrations (Phonons)

Next, we consider a related problem: lattice vibrations on a crystalline non-conducting solid.

The lattice vibrations in a solid are directly connected to the heat capacity of the solid. In a solid, the
lattice vibrations increase as the temperature increases. When energy 1s added to a non-conducting
solid through heating, it goes into lattice vibrations.

Experimental results for crystalline solids at room temperature: when the heat capacity of solids, either
non-conducting or metallic:

C, = 3Nk (where N the # of atoms)

Where Cy, = (Z—LTI)V

This result 1s called the “Dulong-Petit law”.  This “law” 1s not valid at lower temperatures.

27



Classical Picture (Phonons)

»For mass attached on spring, Hamiltonian is from kinetic energy
from (e.g. P?/2M) and contribution from potential energy of the

spring from each coordinate we get: — % kx?.

» There will be a total of 6N quadratic terms in the Hamiltonian for an
N atom solid.

Classical picture: the heat capacity of our solid is

1

28



Classical Picture (Phonons)

Classically, the picture would be as follows: the mass-spring for the lattice vibrations, yielding
3Nkg heat capacity contribution should be present also for the metallic solid.

But for a metal, additional contribution a “gas” of free electrons. This contribution, just like that

for any classical 1deal gas, 1s (z) Nkg.

So the total heat capacity for the metallic solid would be
3 9
[(5) ain 3] NkB — <E) NkB (n()t 3NkB)

Where 1s the missing (%) N kg from the electron gas? We will deal with 1n later.

29



Classical Picture (Phonons)

The second problem regarding the classical prediction, assuming
we do not worry about electrons and concentrate only on non-
conducting solids, 1s the following: the heat capacity prediction for
the “nice” mass-spring classical model 1s 3Nkg, and it 1s a
prediction that is independent of temperature. 2

Pb

Al
In fact, because the whole system i1s stiffer as temperatures become ~
lower, the 3Nk prediction should become more and more accurate
as the temperature of the non-conducting solid 1s lowered. 0 50 100 150 200 250 300

Temperaturesi

Exactly the opposite happens: In experiments, as T goes to 0, so
does the heat capacity of the solid. So, not only i1s the heat capacity
of the solid not independent from temperature, it goes to 0 as the
temperature goes to 0.

30



Classical Picture (Phonons)

In classical model, Einstein model of a solid crystal, each atom can be treated as an independent
3-D harmonic oscillator. The problem with Einstein model i1s that the atoms don’t vibrate
independently of each other. It is a complicated process which depend on the frequency. Instead
of look into this, we learn the Quantum View. Now, we already know that the results we get
from this classical picture of the non-conducting solid will fail at low temperature.

a —e=i
’ Statc of r.:thbnurn
n— n+1 n+3

@\ﬁmﬂ}mm@\mﬂ 3 M/.AM/\/@«MA@

State of strain

Ma/\/\/\j tfﬁmf !}\/\/\/@'\xxn{%

\ \ \ i
Hp—) Uy Mgy Upea

Hpig

31



Waves 1n Crystals vs. Electromagnetic Waves: Quantum
View!

Electromagnetic (EM) waves: In principle, can have arbitrarily short }i_mh'T ke

wavelengths (Iimited only by the theory/energy scale) WWW A =24
Lattice vibrations (phonons) in crystals: 4 s sy

* Atoms are arranged with spacing a — discrete structure /\—/\ ~ s
* Wavelengths shorter than 2a are not physically meaningful m n=2 .

* This sets a minimum wavelength:

M fi=1 lmax =EL

Amin = 2a [ L .|

Wavevector Limit (Brillouin Zone)

* The allowed wavevectors are bounded:

T
| k|< —
a

* This arises from the Brillouin zone and lattice periodicity .
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Waves 1n Crystals vs. Electromagnetic Waves: Quantum

View!
Maximum Wavelength Amin
fs] +|dfe
* The longest wavelength 1s limited by the crystal size L: \/\/\/\/\/WV Amin =24
Anax =~ 2L b o

* Corresponds to the lowest-frequency (long-wavelength) mode /\_/\ =
Key Insight m =2

* Unlike EM waves, lattice vibrations are discrete and bounded due to

atomic spacing T T e hmay = 2L

* This leads to a finite number of vibrational modes (phonons)

33
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Connection to Blackbody Radiation: Quantum View!

Another difference between EM waves and lattice vibrations in a solids: EM waves are transverse
waves (perpendicular to the direction of propagation of the wave) lattice vibrations are both
longitudinal (along the direction of propagation of the wave) and transverse.

Energy of lattice vibrations is quantized, similar to photons in a blackbody radiation field. Each
vibrational mode has energy:
E=hw

Many results from photon statistics can be applied to phonons.

Average Number of Phonons (Bose-Einstein Statistics)

1
() = (@) = rar =

Phonons obey Bose—Einstein statistics, just like photons
34



Debye Model of a Crystalline Solid

To explain the correct thermal behavior of solids, Peter Debye introduced a simplified model
based on the following assumptions:

Only acoustic phonon modes considered: (i) Valid for thermal properties at low temperatures and (ii)
Optical modes (present in multi-atom lattices) are neglected

Linear dispersion relation. Assumes long-wavelength behavior for all modes:
w(k) = ck

where ¢ 1s speed of sound 1n the solid and k = 2w /A

Debye assumed that The crystal 1s treated as a continuous elastic medium and atomic details and
lattice structure are 1ignored,

Mode counting constraint
e Total number of vibrational modes 1s 3N for a solid with N atoms

* Introduces a cutoff frequency (Debye frequency) to preserve this limit ..



Phonons wave with Planck

Expression for the energy of a solid (we will use w,, = v k,, = ck,,, with ¢ the speed of sound in the

solid, and k,, = (mn/L):
h
U= z (s(w)) hw = z (eha)/:)_ 5

all states all states

2T T Wmax (hncn)
1 . L
U=-—- BJ dquSdeH J n%dn
8 hncm
0 0 0 e Lt —1

Debye Cutoff Condition: the cutoff np is determined by requiring the correct number of modes .
Nmayx DY Imposing the condition that the total number of modes has to be 3N for the N atom solid:

Nmax 1/3
1 5 2 6N 6N
3-5-471 n“dn = 3N - Minax = —— = Mmax = | —

0

Usually, np (after Debye) is used instead of 1,44
36



Phonons wave with Planck

We find
np
U — 3 hcm? J n3dn
— 9 hncm
Ca 0 (8 Lt — 1)
change of variables:
nhcm p Lt g
= - — ——
Lt X n hcm X

hcrm
An =np—
dxp =np —

xD=nD_= —

Lt LkgT T

hem <6N)1/3 hct  6p
T

The quantity 6y 1s called the Debye temperature of the solid.

— 8D=<

6N
T

)

1/3 hcm

Lkg
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Phonons wave with Planck

We know

(00}
j x3dx  mt
(ex—1) 15
0
Unfortunately, the integral that we have is not available in closed form. So, we need to proceed with the
limiting temperatures in which we are interested.

XD
U - 3 V T 4[ x3dx
2 (hc)® m?2 (e¥ — 1)
0

38



Phonons wave with Planck

a. In the high temperature limit, xp (= Nnp L—T) << 1

We can use the approximation:

=1+x+ X + < + - ! !
x = =
2! 3! eX —1 x?
(1 +51+ 37+ )
2
Using the approximation: ﬁ ~ 1 —y for small y, and calling y = % + % + -+ we get:
1 1 X x?
e*—1 x 2! 3!
And with this:
x3 x  x? X
_ 21t ~q2(1_2
ex—1 (1 21 3 ) ¥ (1-3)
3 v oocef
T X
U=-= J j x? (1——)
2 (hc)3 T2 (ex — 1) 2 (hc)3 T2 2
0
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Phonons wave with Planck

In the high temperature limit. This integral is easy to do. We will just keep the leading term (neglect

the x/2):
X
U~-—- . J Py =2 |
2 (he)® m° 2 (hc)3 m? \ 3
0
1
By replacing xp = Q?D _ (671IV)3 Lf;;nT

1

1 Vv (kgT)* (6N)§ hem

U~=. :
2 (hc)3 w2 LkgT

T

After cancelling things out this expression becomes just:

U=~ 3NkgT — Cy = 3Nkp
Agreement with the Dulong-Petit law. So, the Debye approximation leads to the correct result in the
high temperature limit. 40



Phonons wave with Planck

b. Low temperature Limit: low temperatures mean temperatures that are:

Op
T<<9D — Xp = 7 >> 1

for low temperatures. With all of this, we can replace x, with co:

1% T 4 TJ x3dx ’ 3 VvV T 4foo x3dx 3 vV T4 1t
) ) H — = ) — = ) .
(hc)3 m? (e¥ —1) 2 (hc)3 m? (ex—-1) 2 (hc)®3 mw? 15
0 0

U_3
2

T[z kB4V
U=—- T
10 (hc)3
which, of course looks very similar to the blackbody result. This expression for the energy leads to a heat
capacity:

4

42 kg*Vv
10 (hc)3

as the temperature approaches 0. This is the so-called, “Debye T> law”.

CV = T3 — CV""T'3

41



Phonons wave with Planck

The behavior observed in solids 1s such that, in fact, the
contributions from lattice vibrations to the heat capacity does go like
T as the temperature goes to 0.

The Debye model does a very good job at capturing the behavior
exhibited by solids.

So, the Debye model gives a nice, simple picture for the heat
capacity of a solid, and provides us with a convenient interpolation
formula for the heat capacity of solids, which has the basic physical
behavior of the solid at high and low temperatures. It does not just
determine that the overall behavior of the heat capacity but gives the
correct temperature dependence of the behavior (i.e., it does not just

tell you that the heat capacity goes to 0, but it tells you that it does so
like T3).

("M-‘.J."lm'al K)

Fit of silver specific heat
data to the Debye curve
with Tj; =215 K.

Tp |

w(K) optical

acoustic

-nfa



https://www.google.com/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&cad=rja&uact=8&ved=0CAcQjRxqFQoTCLyjrsWVjsgCFQUHkgodKjgIvA&url=https://en.wikipedia.org/wiki/Phonon&bvm=bv.103388427,d.aWw&psig=AFQjCNFn3Z2Z2UXHHKigfTiSJOX484eKVQ&ust=1443132448223481

Quiz

(a) At what wavelength does a room-temperature (T = 20° C) object emit the maximum
thermal radiation?

(b) To what temperature must we heat it until its peak thermal radiation is in the red region of
the spectrum (@ 650nm?

(c) What is the ratio of thermal radiation between above two temperature?
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Thank you very much for your attention
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